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1. Introduction 

The general M = 5 Chern-Simons matter (CSM) theory, as the dual gauge description 
of multi M2-branes was first constructed in Ref. Q. It was also showed that the same 
physical theory can be built up in terms of the symplectic 3-algebra |2|, |j . 

According to the gauge/M-theory dual, we expect that the M = 5 theory is not 
only super poincare invariant but also superconformal invariant 1 , i.e. it should have a 

In this paper, the super poincare transformations will be denoted as S ( , satisfying [5 61 ,5 e2 ] ~ P M , with 
P M the translations; and the superconformal transformations will be denoted as 5 V , satisfying [S m , 5 V2 ] ~ K^, 
with Kfj, the special conformal transformations. The full super transformations (containing both 5 e and 8 V ) 
will be called the OSp(5\4) superconformal transformations. 
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full 0Sp(5\A) superconformal symmetry, just as that the M = 6 ABJM theory [|| has a 
complete 05^(614) symmetry However, to our knowledge, only the poincare supersym- 
metry transformations of the M = 5 theory are given (see [El, ||, [|) in the literature. Since 
the super-poincare invariance of the theory does not necessarily imply the superconformal 
invariance, it is therefore important to derive the law of superconformal transformations 
of the N = 5 theory, and to verify that the action is invariant under the transforma- 
tions. This is completed in Section ||. In addition, we derive the explicit expressions of the 
OSp(5\4) superconformal currents. These currents may be useful in that one can use them 
to construct the TV = 5 M2-brane superconformal algebras, and to study the BPS brane 
configurations. 

We also verify the closure of the OSp(5\4) superconformal algebra. In the literature, 
only the closure of the J\f = 5 poincare algebra was verified explicitly [||. Thus our verifi- 
cation the OSp(5\4) superconformal algebra will fill this gap. The law of transformations 
generated by the bosonic algebra of OSp{b\4) bosonic transformations can be read off from 
our calculation of the commutators of two OSp(5\4) superconformal transformations. 

On the other hand, since the M = 6 theory is a special case of the J\f = 5 theory, 
one should be able to derive the OSp(6|4) superconformal currents from that of TV = 5. 
This is indeed the case: We demonstrate that the OSp{Q\A) superconformal currents can 
be obtained as special cases of the OSp(5\A) ones by enhancing the supersymmetry from 
M = 5 to TV = 6. In particular, we show that if we choose U(N) x U(N) as the gauge 
group, these OSp(6\4) superconformal currents are in agreement with the previous results 
derived directly from the ABJM theory Q, as expected. 

The OSp(8\A) superconformal currents associated with the J\f = 8 BLG theory [10, 11] 
were first constructed in Ref. |l2]1 . We argue that they can be re-derived as special 
examples of the OSp(6\4) currents associated with the general Af = 6 theory, since the 
J\f = 6 supersymmetry can be promoted to M = 8 if one chooses the bosonic subalgbra of 
PSU(2\2), i.e. SU(2) x SU{2), as the Lie algebra of the gauge symmetry §§. 

The paper is organized as follows. In Section ^, we verify that the general M = 5 
theory has the full OSp(5\4) superconformal symmetry and construct the corresponding 
conserved supercurrents. In Section ||, we derive the OSp(6\4) superconformal currents by 
enhancing the R-symmetry from SO(5) to SO(6). In Section [|, the closure of the OSp(5\4) 
superconformal algebra is verified. Section || is devoted to conclusions. Our conventions 
and some useful identities can be found in Appendix |A|. In Appendix |B|, we review the 
general A/" = 5 theory. In Appendix |C| we present the details of the derivation of the M = 5 
super poincare currents associated with the M = 5 theory. 



2. OSp(5\A) Superconformal Currents 
2.1 General Construction 

In this section, we prove that the general M = 5 theory has a full OSp(5\4) symmetry, 
and derive the conserved OSp(5\4) superconformal currents. We begin by considering the 
poincare supersymmetry transformation of the action (see Appendix [B| for a review of the 
J\f = 5 theory). We denote the set of parameters of the J\f = 5 poincare supersymmetry 
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transformations as e (/ = 1, ... ,5). According to the standard Noether method, if one 
allows e to depend on the spacetime coordinates, the super variation of the action ( |B.1| ) 
must take the form 

S e S = j d^i-j^e 1 , (2.1) 

since if the action is invariant under the M = 5 poincare supersymmetry transformations 
( |B.5 ), fl2.1|) must vanish when e 1 are constants. If the equations of motion are obeyed, the 
right hand side of (|2.l| ) must vanish; integrating by parts, we obtain the conserved currents 
d^j 1 ^ = 0. The details of the calculation of ( |2.1| ) will be presented in Appendix |C|. Writing 
the super variation of fermionic fields (see ( B.5[) ) as S e ip A = (dif)) 1 ^ e 1 , where 

= -^ D ^z B T A B -\k mn T m \u BC Z B ^ (2.2) 

(The quantities appeare in are defined in Appendix ||.) then the N = 5 poincare 

supercurrents are given by 

ij = -i^i^y A a . (2.3) 

As usual, the set of conserved charges are defined as 

Q 1 = - j d 2 xi. (2.4) 
If we impose the equal-time commutators 

{^(t,x')^ b B (t,x)} = -5^°5 2 (x - x'), (2.5) 
[Ui(t,x'),Z b B (t,x)] = -i5^5 b J 2 (x-x'), (2.6) 
[W m {t^),A n u {t,x)) = -i5^5 2 (x-x'), (2.7) 

where U^(t,x') = doZ^(t,x') and Hm(t,x') = e X0 ^k mp A p x (t,x'), then the variation of an 
arbitrary field $ can be defined as 

5^ = [-ie I Q I ,<5>}. (2.8) 



Here $ can be a scalar, fermion, or gauge field. It is not difficult to show that ( |2.8[) gives 
the law of super poincare transformations ( |B.5| ) by using the canonical commutators. For 
instance, if $ = i() b B (t,x), using the canonical anti-commutator ([2.5|), one can easily prove 
that Q2,8j) gives the law of the supersymmetry transformations of the fermionic fields (see 



the second equation of ( B.5 )). 

Without changing the physical content, it is possible to introduce the modified currents 

2 = j 1 , + \b^W{zi^B A )- (2-9) 

The charges remain the same, i.e. Q 1 = — f cPxjy = — f d 2 xjQ, since the total derivative 
term in ( |2.9| ) does not contribute to the integral. On the other hand, the modified currents 
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are also conserved, i.e. d^jl = 0, on account of that [7^,7^] is antisymmetric in \i and 
v. However, what interests us most is that j 1 are 7-traceless 



1% = 0. 



(2.10) 



This allows us to define the new currents 



(2.11) 



Using (|2~10| ) and d^jf, = 0, one can immediately prove that are conserved: d^sj^ = 0. 
Dimensional analysis suggests that the conserved charges 



d 2 xsQ 



(2.12) 



generate the superconformal transformations. Indeed, in Section f|, our calculation shows 
that [5, ?1 ,5 r)2 ] does generate the special conformal transformation K^, where <5 r)1 is the 
transformation generated by ( [2.12 ). 

We are now ready to derive the superconformal transformations of the matter fields 
and gauge fields. Plugging ( |2.9| ) into Q2.11|) , we note that ( |2.11| ) can be rewritten as 



^ = 7 • x jji + iZ a Bl ^T A B + d»C-x ■ ^ 7u }Z%^ B T B A ). 



(2.13) 



Notice that the last term is just a total derivative term. As a result, we have the conserved 
charges 



S 1 = -j d 2 xsi = - j d 2 x( 1 - xi + iZ a Bl ^T 1B ). 



(2.14) 



In analogue to (2^), we define the superconformal variation an arbitrary field <J> as follows 

Jd *i (2.15) 



where 77 are a set of parameters, with I = 1, . . . , 5 a fundamental index of SO (5). Using 
(|2,4| ) — (|2.8 f ), ( [2.14 ), and flB.5|) , one can readily derive the AT = 5 superconformal transfor- 
mations 



6 V Z% = 17 • xr] A B ip a B , 

5 v r A = 0W2V W-va b z%, 



(2.16) 



/> A m 



i(7-xri AB h»JAB, 



where (Sip)]? is defined by fl2.2|) , and the set of antisymmetric parameters i]a b = rfT 1 ^ 
(I = 1, . . . , 5) satisfy the traceless conditions and the reality conditions 



(2.17) 



Alternatively, we can derive the M = 5 superconformal transformations ( [2.16 ) and 



currents ( 2.11 ) by adopting the method used to construct the N = 6 superconformal 
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transformations and the corresponding currents of the ABJM theory Q. Replacing e 1 in 
the variation of the action fl2,l|) by 7 • xrj , 

e^j-xr] 1 , (2.18) 

with 77 independent of x^, a short calculation shows that fl2.1|) becomes 

^[WM, (2-19) 



where are the super poincare currents (p.3|). The remaining term ( 2.19| ) can be canceled 
by adding 

Va = ~VA B Z a B (2.20) 

into the transformation of the fermion field. In other words, the action is also invariant un- 
der the new transformations, defined by replacing e by 7 • xr] 1 in the M = 5 super poincare 
transformations ( (B.5| ) and adding the additional term ( 2.2C| ) into the transformation of the 



fermion field. The new transformations defined in this way are nothing but the M = 5 
superconformal transformations ( |2.16| ). And the corresponding currents, derived by using 
the trick e — > 7 • xr/ 7 , are given by 



' - 1 -xjl + iZ a Bl ^T I A B , (2.21) 



s, 



which are exactly the same as the first two terms of s 1 ^ defined by ( 2. 13| ) . However, since 



the last term of ( 2.1 3| ) is a conserved total derivative term 2 , we are led to d^sj, = <9^ = 



and S 1 = — f d 2 xsy = — f d 2 xs I . Hence the conserved currents s 1 ^ are equivalent to s 7 
defined by fl2la| ) or (|2~Tl] ). 



2.2 Currents in the M = 5, USp(2N) x SO(M) Theory 

If one specifies the superalgebra ( |B.2|) as OSp(M\2N), or in other words, if one chooses 
the bosonic subalgebra of OSp(M \2N) as the Lie algebra of the gauge symmetry, then 
the gauge group of the N = 5 theory in Appendix || becomes USp{2N) x SO(M) Q. 
The same theory was constructed in a 3-algebra framework j2j. The A/" = 5 theory with 
USp(2N) x SO(M) gauge group was conjectured to be the gauge description of multi M2- 
branes in orbifold C 4 /Dfc, where Dfc is the binary dihedral group |l], |(|; the dual gravity 
theory was investigated in Ref. || . 

The details of the construction of the M = 5 theory with USp(2N) x SO(M) gauge 
group can be found in Ref. [|], 0]- I n this theory, both the scalar field Z k Jf and spinor 
field take values in the bifundamental representation of USp(2N) x SO(M). (Their 
complex conjugates are denoted as zt and i/jt .) Here k = 1, ...,M are the SO(M) 
indices, and k = 1, . . . , 2A^ the USp(2N) indices. The USp(2N) gauge potential is denoted 



2 Witting the last term of ( [2.13| ) as d"{A l _ l „), we have d^d" (A^ u ) = immediately, due to the fact that 
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as A„, while the SO(M) gauge potential is denoted as A^. In matrix notation, the law of 
J\f = 5 super poincare transformations (B.5) now reads |2| 



5 t Z A = ie A B i\)_ 



7 



2k 



D^Z B e A B + —e A c (Z [B Z^ B Z c] + Z B ztz B 



4A- 



e B c (Z lc Z^ B Z A] + Z C Z\Z B 



8 t A^ = ike AB ^(Z A ^ B +^ B Z A ) 



SeAf, 



ike AB 1 ^ B Z A + Z\^ B ), 



(2.22) 



where A; is a constant. 

From the second equation of (2.22), we can immediately read off (Si/)) A defined by 



2k 



D^ZbT 1 ^ + — T A C (Z W Z^ B Z C] + Z B ZI,Z B ) 



4A; 



^T B c {Z [c Z^ B Z A] + Z c z\z B ). 
And the superconformal transformations (2.16) now become 



5 V Z A = ij ■ xrj A ip B 

S n ipA = (SiPYaI ■ xr lA B ~ i] A B Z B 
8^ = *fc(7 • xr] AB ) llx (Z A il) B + ^ B Z\) 
-ife( 7 • x V AB ) 7 ^ B Z A + Z\^ B ) 



8-qA^ 



(2.23) 



(2.24) 



The supercurrents ( |2.9D and ( 2.11 ) now become 



% = -zTr(^(^ ) ^ ) + l[ 7M , > ]^Tr(^ ZA )r^, 



71 



where the trace "Tr" is defined as Tr(ip^ B Z A ) = ^ B Z kk 



A ■ 



(2.25) 
(2.26) 



3. OSp(6\A) Superconformal Currents 

In this section, we will first derive the OSp(6\4) superconformal currents associated with the 
general M = 6 theory from the OSp(5\4) currents by enhancing the supersymmetry of the 
J\f = 5 theory to M = 6. As a check, we then will construct the OSp(6\4) superconformal 
currents of the ABJM theory j|] by specifying the gauge group as the bosonic part of 
U(N\N), and show that they are the same as the ones [|| constructed directly from the 
ABJM theory. 
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3.1 General Construction 

In Ref. Q, it has been shown that if the pseudo-real representation of the bosonic subalge- 
bra of flB.2| ) can be decomposed into (R R), i.e. a direct sum of complex representation 
R and its conjugate representation R, then the USp{4) R-symmetry of the M = 5 theory 
will be enhanced to SU{4). As a result, the Af = 5 supersymmetry will be promoted to 
AT = 6. 

Specifically, the authors of Ref. Q have been able to derive the Af = 6 theory from 
the Af = 5 theory by decomposing the following Af = 5 quantities into Af = 6 quantities 3 : 

(z%)^ = ( %X (r A w= 5 = h B f a ), (3-D 



and 



T ma b 



( T ™ b ) M=5 = i , K b )^ =5 = [ „ • | . (3.2) 




The matrix r ma f, obeys the reality condition T* ma b = —T mb a . The reality conditions of the 
AT = 5 theory ( |B.4| ) are decomposed into 

Z* a A = Z% r Aa = i>Aa, (3.3) 

which are in agreement with the expected Af = 6 ones. In the Af = 6 notation, the 
"fundamental identity" (BJ3) reduces to |IJ 

kmnT ma [b T nC d] = 0. (3.4) 

Using the above decompositions and the identity ( A.17| ), the OSp(5\4) superconformal 
currents ( [2.9D and (|2.11 ) 4 can be expressed in terms of the M = 6 fields as follows 

gV=5 = -^Aa7 / ,(^) / ' Aa -# Aa 7^^)L 

-^[ 7/ ,,7,]^(Z^ a r™ + Z^^M,,), (3.5) 
(sJ)jV=5 = 7 • ^(j'uV=5, (3.6) 



where 



= /Vf Iba + k^M^cT^T 1 ^ + k nm M mD A7 jnb aZ^T I c D , (3.7) 

and (5^Y' Aa is the complex conjugate of (S4>) Aa - Here we have used I' = 1, ... ,5 to label 
the fundamental index of 50(5). And we have defined the AC = 6 "momentum map" and 
"current" operators as jl] 

MmA ryAfyb jmAB _ma ryA„i,bB jm ~.mb rya „/, /'o o\ 



3 To avoid introducing too many indices, we still use a — 1, . . . , L to label an index of M = 6 gauge group, 
(In the N — 5 formulas, o = 1, . . . , 2L.), and use A = 1, . . . , 4 to label an 5C/(4) index of R-symmetry in 
the right hand sides (RHS) of (3.1). We hope this will cause any confusion. 

4 In Section ^, in particular in Eqs. (2.9) and (2.11), we use /= 1, ... ,5 to label the SO(5) indices, while 
in this section, we use 7' = 1, . . . , 5 to label the SO(5) indices. However, in this section, we use I = 1, ... ,6 
to label the 50(6) indices. We hope this will not cause any confusion. 
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Let us now try to lift the N = 5 currents (|3.5[) and 



|) to J\f = 6 currents. Using 
the above decompositions fl3.1| ) — ( pO| ), and the USp(A) identity ( A. 17 ), one can lift the 
M = 5 action (B.l) to an J\f = 6 action with manifest £{7(4) R-symmetry (see Ref. Q 
for details) . Specifically, the Af = 6 action is invariant if we apply the SU (4) R-symmetry 
transformations to the N = 6 fields: 



where e/j 



<^ Aa = - 

-eijY, I B JA Za , 5rZ a = - ( 

-e j/ are set of parameters (I, J = 1, . . . , 6), and ^ B A are the SU(4) gen- 

► jll + <Wu must be also 



S R Z a 



;eijh A Zg, 



(3.9) 



erators (see Appendix |A.2.3[) . As a result, the currents j, 
conserved, namely, 



0. 



Notice that under the £{7(4) R-symmetry transformations (|3. 
form as 



(3.10) 

the currents ( |3. 5|) trans- 
(3.11) 



where {t kl Y' j = 5 LI ' 5f — 5 KI> 5j are a set of 50(6) matrices, and j J are defined by 



replacing the 50(5) gamma matrices T J AB in (see (|3.5|) ) by the 50(6) gamma matrices 



AB 



(T J AB ,iuj AB ) 5 - Combining ( 3. lCj ) and ( |3.1l| ), one obtains 



= 0. 



(3.12) 



In other words, we now have six copies of conserved currents j^; they take values in the 
6 of 5{7(4). So (|3.5|) and (^) can be promoted to the 05p(6|4) currents of the TV = 6 
theory: 



(s£W=6 = 1 ■ x(jj 1 ) A f =6 , 



(3.13) 
(3.14) 



where 



(<W0a» = ^D U Z^T BA + ^M^cT^Z^r^ + k mn M mV ' A r mt 'aZfrT'cn (3.15) 

is defined via the second equation of ( 3,16| ), i.e. 5 e i(j Aa = ((5V>)^ a e 7 ; And (5ip) IAa is the 
complex conjugate of {S^) Aa . 

Since there are six conserved currents j*, one can also lift the M = 5 super poincare 
transformations (IB. q) to the M = 6 transformations llfl 



J e^d 

'>Bd 

5 f A™ 



-ie AB ipBd, 



<\ , Vj , = ^D a Z A e AB + k mn M mA C T na d Z c a e AB + k mn M mD B r ma d Z^ e CD , 

TinAB , • AB . 



A* 

-i^ABl^' 



AB- 



(3.16) 



^The SO(6) gamma matrices are defined in Appendix A. 2. 3. 
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The parameters cab = eI ^AB (-^ = 1> • • • > 6) satisfy 

_ , c * _ C AB _ 1 C ABCD C in 17 \ 

CAB — —CBA, ^AB — e — 2 e CD- l-3- 17 J 

Similarly, one can lift the Af = 5 superconformal transformations ( |2.16|) to the Af = 6 
superconformal transformations: 

r r? A . AB I 

d v Z d = -Z7 • x?? ipBd, 
$r,$Bd = {^)Bdl ■ W + VBAZd, 

5 V A™ = -i( 7 • xvab)^ J mAB + i( 7 ■ x V AB ) lfi J^ B . (3.18) 

The set of parameters i]ab = V^ab (I = 1, • • • 5 6) obey the anti-symmetry and reality 
conditions: 

r/AB = -r? B A, ^ b =7^ = ^ abc Vd. ( 3 - 19 ) 



Finally, we would like to comment on the fundamental identity ( |3.4| ). It can be under- 
stood as the QQQ or QQQ Jacobi identity of the superalgebra M: 

[M m ,M n ] = C mn s M s , 

[M m , Q a ] = -r m \Q\ [M m , Q a ] = r mb a Q b , 

{Q a , Qb} = r ma b k mn M n , {Q a , Q b } = {Q a , Q b } = 0. (3.20) 



So we must select the bosonic subalgebra of ( 3.20| ) as the Lie algebra of the gauge group. 



One can specify ( |3?20D as one of the superalgebras 



OSp(2\2N), U(M\N), SU(M\N), PSU(M\N). (3.21) 

For instance, if we select the bosonic subalgebra of U(N\N) as the Lie algebra of the 
gauge symmetry, then the theory will become the well known J\f = 6 ABJM theory H. 



In particular, if we specify ( |3.20|) as PSU(2\2), whose bosonic part is SU(2) x SU(2), the 
supersymmetry will be enhanced to A/" = 8 ]9|, |j, and the theory will become the well 
known TV = 8 BLG theory |l^, |llj. So the OSp(8\4) superconformal currents, which were 
first constructed by studying the Af = 8 BLG theory directly |L2| , should be also derived as 
specific examples of the currents ([O]) and Q3.6|) associated with the general M = 6 theory. 

3.2 Currents in the ABJM Theories 

The Af = 6 super poincare and superconformal currents of the ABJM theory were first 
derived in Ref. JQ], by studying the ABJM theory derictly. In this section, we will show 
that they can be re-derived as specific examples of the OSp(6\4) currents ( |3~lj] ) and ([T(]) 
associated with the general Af = 6 theory. To see this, let us first specify the superalgebra 



(|3.20|) as U(M\N). Or in other words, we choose the bosonic subalgebra of U(M\N) as 
the Lie algebra of the gauge symmetry. So the gauge group is U{M) x U(N). If M = N, 
it becomes the well-known ABJM theory ||. The ABJM theory has been conjectured to 
be the gauge description of M2-branes probing a C 4 /Z^ singularity. 
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We denote the scalar field its complex conjugate as Z A ^ and Z™, respectively. Here 
n = 1, ...,M is a fundamental index of U(M), n = 1,...,N an anti-fundamental index 
of U(N). The fermionic field and its complex conjugate are denoted as %[) Ann and 4>Anhi 
respectively. The U(M) and U(N) parts of the gauge potential are defined as A^^ and 
Aj* n , respectively. With these notations, the hermitian inner product of two matter fields 
can be written as a trace: 

X im Y nh = Ti(XY). (3.22) 

In order to compare our results with that of Ref. H, from now on, we assume that 
both n and h run from 1 to N. 

In matrix notation, the J\f = 6 super poincare transformations ( p. 16 ) for the U(N) x 
U (N) theory are given by 6 : 

8 e Z A = -ie AB i> B , 

54b = ^D^Z A e AB + k(Z c Z c Z A - Z A Z c Z c )e AB + 2kZ c Z B Z D e CD , 

5 e A^ = -ike A Bl^ B Z A + ike AB ^Z A i(jB, (3.23) 



8^ = ike A Bl^Z A i) B - ike AB -f^i) B Z A , 



where /c is a constant. Writting the second equation as 8 e ij)B = (^VOs 6 > with 

(8$y B = ^D^Z A T AB + k(Z c Z c Z A - Z A Z C Z C )T I AB + 2kZ c Z B Z D T I CD , (3.24) 



the superconformal transformations ( 3.18 ) now read: 
5 V Z A = -i-fxr] AB ^B, 



S v i>B = {dip) Bed ■ xr] +r] BA Z J 

5 V A^ = -ifc( 7 • x VAB h^ B Z A + ik(j ■ xr) AB )^Z A i> B , (3.25) 

rA.uB xU~, „„AB\ 



firjAfj, = ik(j ■ xj] AB )l^Z ip - ik(~f ■ xr] )^^ B Z A . 
And the currents (|3.5D and (|3,6|) now become 



(JDabjm = -i^ Al ^) IA ) -iTr[^(#)^] 

- l -b^W[^{Z A ^ B )T IAB + Tr(zVM B ], (3-26) 
{sjjABJM = 7 • xtifjABJM, (3.27) 



Define 



UDabjm = -iTr$ Al ^) IA ] - iTr[^ A 7 M (#)^], (3.28) 

= [Tr(Z A i> B )r IAB + Tr(Z A ip B )r AB j = -B vli , (3.29) 

then ( 3.26[ ) and ( 3.27| ) can be written as 

(jf l )ABJM + d»(B lxu ) (3.30) 
{~sI)abjm = 7 • xUI)abjm - i[Tr(Z A7 ^ B )T IAB + Ti(Z A 7 ^ B )T AB ] 

+d v { 1 -xB llu ). (3.31) 



8 We refer the reader to Ref. Q for the computational details. 
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The above OSp(6\A) currents for the ABJM theory are in agreement 7 with the ones con- 
structed in Ref. Q, since they are only up conserved total derivative terms. Indeed, both 
the last term of ( |3.30| ) and the last term of ( |3.27 ) are total derivative terms, and satisfy 



d^d u {B flv ) = d fJ, d u ( / y ■ xB^y) = on account of the fact that B^ = —B V{i . 

Similarly, one can also derive the OSp(6\A) currents associated with the TV = 6, Sp(2N) x 
U(l) theory |,@. 

4. Closure of the OSp(5\A) Superconformal algebra 

The closure of the M = 5 super poincare algebra was checked in our previous work M. In 
this section we will check the closure of the full OSp(5 14) superconformal algebra. 
Let us begin by considering the scalar fields. In Ref. [Q, it was shown that 8 

[6 ei M2% = vlD^Z% + A^ b Z b A , (4.1) 

where S £1 and 5 e2 are two super poincare transformations, and 

< = -\4 D 1^ibd = -2iei^e{, (4.2) 

A% = A?k mn T%T na b , (4.3) 

\ cd — % V c 7d( c CE c D CE C D\ _ -yc yd-pIJCDTJ (A A \ 

A i = ~2 Z D Z c( e i e 2E ~ e 2 e iE ) - -2iZ D Z c L e 2 e 1 (4.4) 
where I = 1, . . . , 5 is a fundamental index of SO(5), and 

T IJCD = 1 {T ICA T JD _ T JCA t I aD) (45) 



are a set of USp(A) generators, with the SO(5) matrices T J A D defined in Appendix A.2.2 
Notice that the first term of Eq. ( [4.1[ ) is the gauge covariant translation, while the second 
term is a gauge transformation. 

Having ( |4.1|) , it is much easier to evaluate the commutator 

KMZ%, (4.6) 



where 5 m is an Af = 5 superconformal transformation defined by (2.16). If fact, following 
the idea of Ref. 0], we have shown that the superconformal transformations ( |2.16| ) can be 
obtained from the poincare transformations ( JB.5| ) by replacing the parameters e with 7 • xrj 
and adding 

Va = ~VA B Z a B (4.7) 



""Notice that our reality condition is e" AB = e AB = \e ABCU £cd, while in 0|, it is defined by e\ B — 



1 ABCD 



In Ref. g, we worked in the symplectic 3-algebra framework. Here we present a Lie algebra version of 
the closure of the super poincare algebra, by converting the 3-algebra description into the conventional Lie 
algebra, using the method described in Ref. |H|. The key point is that the 3-algebra structure constants 



fabc d can be constructed in terms of the tensor product on the superalgebra (B.2): f a bc = k mn T^ 1 T nd 
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into the variation of the fermion fields (see Section 2.1). Using this idea and Eq. ( |4.lD , we 
have immediately 



[S m ,S e2 ]Z% = v%D»Z% + K a 2b Z b A - ie 2A a i 11B C Z%. 



(4.8) 



Here V2 is obtained from v\ by the replacing ei in v± with 7 • xrji, and A 2 b is obtained from 
■^■16 by the replacing ei in Af b with 7 • xrji, i.e. 



v% = -2^(7-^1) 



cdr, m na \ m l, ~- na 

2 ^mn T cd T b — ly 2 ^mn T b 



Il 2b — Il 2 K minJcd T 

^Z^r^e^-xrf). 



A 2 



(4.9) 
(4.10) 
(4.11) 



The last term of ( |4.8[ ) is a direct consequence of (p~7|). Notice that Eq. ( (4.8|) is a gauge 
covariant equation. On the other hand, after some algebra, we find that fl4.7| ) can be 
written as 



1 



[S m ,S e2 ]Z% = -2i(eWi)(x^ + -)Z%-2(e 2 : ^rit)(x fl d u -x l/ d fl )Z a A 
-2 l {eWi)T I / B Z% + {K a 2b + v$A™T m a b )Z b A , 



(4.12) 



where 



7 



(4.13) 



The first three terms are scale, Lorentz, and USp{4) R-symmetry transformations, respec- 
tively; the last term is a gauge transformation by the parameter (A. 2 b + v 2 A™T m a b)- 
particular, the first term indicates that the dimension of Z A is i. 



In 



Similarly, applying the replacement £2—^7- xr\2 to the RHS of (4^), and taking 
account of (4/7), we obtain 

[5 Vl ,6 m ]Z% = v%D„Z% + A% b Z b A - i( 7 • x mA B )riiB C Z a c + i( 7 • x mA B ) V2 B C 'Z%, (4.14) 

where 



V3 = ~2i[(7 ' ^2)7^(7 ' xrf[)\ 



Aq 



36 



A cdr, m na 
A 3 K mn T cd T l 



\mi na 
ii_3 ft. mn / t 



A c 3 d -2iZ£Zgr" CJJ [( 7 • x % 7 )( 7 • xrf)). 



(4.15) 
(4.16) 
(4.17) 



Notice that Eq. ( 4.14 ) is manifestly gauge covariant. Also, after some work, we obtain 



[S m ,S m ]Z% = 2{rf ll v V 1 2 )[{-2ix v x^d ll + ix 2 d v )Z%-ix v Z a A ] 
+(A a 3b + v$A\)Z A . 



(4.18) 



We see that the first line is the standard special superconformal transformation, while the 
second line is just a gauge transformation. 
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Let us now check the gauge fields. In Ref. it was shown that 
[8 ei ,8 e2 ]A™ = vlFZl-D lx k? 

~ e„x(Z%D x Z Ab - ^VV^KU (4.19) 

where A™ = Af b r^, and A" 6 is defined by (4.4). The second term of the first line is a 
gauge transformation. And the second line is the equations of motion for the gauge fields. 
In order to use the e\ — > 7 • xrj\ trick, we must rewrite ( [4.19D as 

[6 ei ,6 e2 ]A™ = v\F™ - {eiei)D^-2iZlZ b B Y IJAB T2) +EOM, (4.20) 

since e l 2 and e{ are constant parameters. ("EOM" stands for "equations of motion".) 
Applying the replacement ei — > 7 • xr\\ to the RHS of ( 4.20 ), and tacking account of (|i~7|). 
one obtains 

[6 Vl ,6 e2 ]A7 = - {eh ■ x4)D^-2iZ\Z B V IJAB T^) 

+i[e AB M-ViB C Z b c )]Z a A rT b + EOM 
= v 2 J F™-D fl A 2 n + EOM, (4.21) 



where A™ is defined by (4.1C). It can be recast into the form 
KMA? = -2i{eWi){^d, + l)A™ 



where 



-D^A™ + v%A™) + EOM, (4.22) 



(V)/ = *Wp-^)- (4-23) 



The first and second lines are scale and Lorentz transformations respectively, while the 
first term of the third line is a gauge transformation by the parameter (A™ + v^A™), as 
expected. The first line indicates that the dimension of A™ is 1. 
Similarly, after writing — D^A™ in ( |4.21| ) as 

-D p A™ = -(el 1 „r, J 1 )D lx (-2ix"Z D .Z*r IJCD ), (4.24) 

one can calculate [6 m , S^A™ by applying the replacement €2—^7- xr/2 to the RHS of 
( 4.21 ), while taking account of (4.7). After some algebraic steps, we obtain the desired 
results 

[5 V1 , 5 m ] A™ 

= v\F™ - D^Af (4.25) 
= 2(r ] {Yr ] I 2 )[(-^uX p d p + ix 2 d v )A™ ~ 2«*„A™ - 2x?(S pv )^ A™)] (4.26) 
-Z^(A™ + ^™) + EOM, 
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where v%, Af, and {SpJ)^ are denned by ( |4.15|) , fl4.16Q , and fll.23|) , respectively. It can be 
seen that the first line of (|4.26| ) is the standard special conformal transformation. 
Finally, we examine the fermion fields. In Ref. pi, it has been checked that 



+ -(£x €2BA - e 2 eiBAj&C 

-\vlluE% (4.27) 

The last two lines are the equations of motion for fermionic fields, i.e. E A = 0, where 

E% = -fD^% - k mn r™ d T na b Z b B Z Bc 4> d A + 2k mn T™ d r na b Z b B Z A ^ Bd . (4.28) 

One can examine [8 ni , 5 €2 ]ip A and [5 r)1 , 5 m ]ip A , using the same strategy applied to the 
scalar and gauge fields. First, we have 

[5 Vl ,5 e2 }r A = v^D^A + Hb^A 

-i(^VlB C )(l^2A B ) + imA B {€2B C r C ) (4-29) 

+EOM 

Using the Fierz transformations ( |A.5| ), one can recast the above equation as 

-2(47^^) (x M 5 v - x u 8^ + i^^Wa 
-2i{eWi)T A JB r B 

+(A a 2b + v»A™T m a b )ij A + EOM. (4.30) 

The first three lines are scale, Lorentz, and USp(4) R-symmetry transformations, while 
the last line is a gauge transformation and the equations of motion. The first line indicates 
that the dimension of the fermion field is 1. 
Finally, we have 

= 2(^4) [(-2ix„x»d„ + ix 2 3 v )Z\ + (-2ix u - 2x^)^%] 

+EOM. (4.31) 

It can be seen that the first line is the special conformal transformation, while the second 
line is a gauge transformation. Using the fact that ^3 can be written as 

v % = -4i(7 ] [j u r] I 2 )x u x fl + 2i(r/[j fl ri I 2 )x 2 , (4.32) 

Eq. ( [1.31 ) can be convert into the manifestly covariant form: 

[8 m ,5 m WA 

= 2{4 1 v 4)[{-2ix v x»D lx + ix 2 D u )Z a A + {-2ix v - 2x^)^ a A ] 
+^A 

+EOM. (4.33) 
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5. Conclusions 



In this paper, we have verified that the general N = 5 theory has a complete OSp(5\4) 
superconformal symmetry, and constructed the corresponding conserved supercurrents; we 
have also derived the super currents in the M = 5, U Sp(2N) x SO(M) as special examples. 
The OSp{f>\4) superconformal algebra was shown to be closed on shell. These OSp{f>\A) 
superconformal currents may be useful in constructing the M2-brane superconformal alge- 
bras, and in studying the BPS brane configurations. 

We have demonstrated that the 05^(614) superconformal currents associated with the 
general M = 6 theory can be obtained as special cases of the OSp(5\4) superconformal 
currents by promoting the USp(A) R-symmetry to SU(4). Specifying the gauge group 
as U(N) x U(N), we have been able to rederive the OSp(6\4) superconformal currents 
associated with the ABJM theory which were first constructed in Ref .[|]]. 

We have also argued that the OSp(8\4) superconformal currents associated with the 
M = 8 BLG theory [|l^] can be re-derived as the special cases of the general OSp(6\A) 
currents by enhancing the SU(4) R-symmetry to S0(8). However, it would be nice to 
prove this relation explicitly. 

In this paper, we have worked in an ordinary Lie algebra framework. However, it would 
be nice to construct all these supercurrents in a 3-algebra framework. 
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A. Conventions and Useful Identities 

The conventions and identities of this appendix are mainly adopted from Ref. ||. 
A.l Spinor Algebra 

In 1 + 2 dimensions, the gamma matrices are defined as 

il^a'ilu)/ + MaH^)/ = 2^6 J. (A.l) 

For the metric we use the ( — ,+,+) convention. The gamma matrices in the Majorana 
representation can be defined in terms of Pauli matrices: (7 / J Q /3 = (i<T2, <t\, 03), satisfying 
the important identity 

(7 / ,)a 7 (7,) 7 /3 = VtvSJ + ^uxhV- (A.2) 

We also define e tluX = —e^ v \. So s /ll/ \E puX = —25^ p . We raise and lower spinor indices 
with an antisymmetric matrix = —e a @, with 612 = — 1. For example, ^ a = e a ^ipg 
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and 7^3 = e ( g 7 (7 M ) a 7 , where ipp is a Majorana spinor. Notice that 7^0 = (1, — o" 3 ,^ 1 ) are 
symmetric in a/3. A vector can be represented by a symmetric bispinor and vice versa: 

A af) = A^, Afl = -^fA a p. (A.3) 

We use the following spinor summation convention: 

i>X = *P a Xa, = ^(l^Jxp, (A.4) 

where ip and x are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz 
transformations are 



Finally, we define 



(Ax)V> = -\{H)X - \(^)l u X- (A.5) 



-T = ~[f, 71- (A.6) 



A.2 50(4), 50(5), and 50(6) Gamma Matrices 
A. 2.1 50(4) Gamma Matrices 

We define the 4 sigma matrices as 

a a A B = (a\a 2 ,a 3 ,il), (A.7) 

by which one can establish a connection between the SU(2) x SU(2) and 50(4) group. 
These sigma matrices satisfy the following Clifford algebra: 

a a A d a b ^ d B + a b A d ^ d B = ^ ab $A B , (A.8) 

a aUC a b c B + a bt A C a a c B = 2 S ab S A B . (A.9) 

We use antisymmetric matrices 

Mb = ~e AB = and e M = -e AB = ^ (A.10) 

to raise or lower un-dotted and dotted indices, respectively. For example, <j a ^ AB = 
e AB a a ^ g B and <j aBA = e BC a a c A - The sigma matrix a a satisfies a reality condition 

cr = -e e^cr c , or a 1 = — er . (A.ll; 

A.2. 2 50(5) Gamma Matrices 

We define the 50(5) gamma matrices as 9 

nB = f^t ol ' r ^ = t^V' (A - 12) 



9 To avoid introducing too many indices, we still use the capital letters A,B,... to label the USp(4) 
indices. We hope this will not cause any confusion. 
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Notice that T A B (1 = 1,..., 5) are Hermitian, satisfying the Clifford algebra 

~,IC r JB , tJCtI B _ nxUx B 



r A u r J c D + r^r 1 ^ = 25 1J s A 



We use an antisymmetric matrix ojab = - 

YiAB 



(A.13) 

uj ab to lower and raise indices; for instance 

(A.14) 



It can be chosen as the charge conjugate matrix: 

' e AB 



CO 



AB 



e 



AB 



(A.15) 



(Recall that A and S of the RHS run from 1 to 2.) 

By the definition ( |A.12 ) and the convention ( [A. 14 ), the gamma matrix is antisym- 
metric and traceless, and satisfies a reality condition 



■^IAB 



^IBA 



r A A = o and r A * B = r IAB 



AC, ,BD r I 



UJ UJ 



CD- 



There is a useful U Sp(4) identity 



.ABCD 



-uj ab uj cd 



u ac uj bd 



uj ad uj bc . 



(A.16) 
(A.17) 



A. 2. 3 SO (6) Gamma Matrices 

Define the first five gamma matrices as the SO(5) gamma matrices ( |A.13 ), and define 
T AB = iuJAB and T GAB = ioj AB (see (A.15) for the definition of uj ab ), we then have the 
Clifford algebra 10 



r I -pJBC , -p.) r IBC 
1 A rJ- tl 4Rl 



AB L T L AB L -~^ IJ 5 C A , (A.18) 

,6. The gamma matrices F AB satisfy the antisymmetry and reality 



where /, J 
conditions 



1,. 



The SU (4) generators are defined as 



^IBA 



r I* _ r IAB 1 „ 
1 AB — 1 — 2 £ 



ABCD^I 



CD- 



^IJB 
^A 



(A.19) 



(A.20) 



B. A review of the M = 5 theory 

The j\f = 5 action is given by Jl|, [3| 



C = l -(-D,Z A D»Z a A + i^D^A) ~ \u AB u CD k mn (JZ c J% D - 2J? C JB B ) 



1 



1 



iZfPWAfl. A m r) A n A- —C A m A n A p \ 

1 3 

i f~i ,. m A ,,nB ,,pC i i jl (^mn\ ryAaryb ,,pB ,,sC 

30 np B ° A 20 p b ° 



(B.l) 



B- 



In order to avoid introducing too many indices, here we still use I to label the SO(6) indices, while in 
Appendix A. 2.2, we use it to label the SO (5) indices. We hope this will not cause any confusion. 
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Here A = 1, . . . , 4 is a fundamental index of the U Sp(A) R-symmetry group, and ujab is the 
antisymmetric form of USp(4), satisfying ojab^ BC = The gauge group index a runs 
from 1 to 2L, and the algebra of the gauge group must be chosen as the bosonic subalgebra 
of the superalgebra, 

[M m , M n ] = C mn s M s , [M m , Q a ) = -r™ b u bc Q c , {Q a , Qb} = r^ b k mn M n , (B.2) 

where k mn = k nm and ui a b = —uib a are invariant forms on the superalgebra. The inverse 
of Lu a b is denoted as u bc , satisfying ui a bUi bc = 5%; and we use ui to lower or raise indices 
(for instance, = uj ac T mc b)- We also use k mn to lower indices; for instance, C mnp = 
k m qk ns C qs p. Following Ref. ||, in (Rl), we have defined the "momentum map" and 
"current" operators as 

VAB = T ab Zj A A Bi ^AB = T ab Zj AH ) B- \p.<S) 

The matter fields satisfy the reality conditions 

Z* = Z A a = u AB u ab Z b B , ^ = r A a = ^ AB ^ B - (B-4) 
The TV = 5 super poincare symmetry transformations are given by 



i o 

t, ^ma , ,BC ryb ,,n r D i j, _ma , ,BD ryb ,,n r C 

(B.5) 

The set of antisymmetric parameters ea B = ^^a B (I = 1? • • • , 5) are required to obey the 
traceless conditions and the reality conditions 

, , C AB n , AC, ,BD 

UJABC = U, € A B =UJ ^ e CD- 

(The SO (5) gamma matrices T A B are defined in Appendix |A.2.2j .) 

The reason for choosing the bosonic subalgebra of ( |R2| ) as the algebra of gauge sym- 
metry is the following: In constructing the M = 4 theory of Gaiotto and Witten (GW) 
UJ, GW showed that in order to promote the supersymmetry from N = 1 to M = 4, the 
representation matrices of the algebra of gauge symmetry must satisfy the "fundamental 
identity" 

kmnT^ )d = 0. (B.6) 

GW H solved the above equation by converting it into the QQQ Jacobi identity of the 
superalgebra (B.2). Eq. (B.6) must also hold in the M = 5 theory, since the M = 5 theory 
can be derived as a special case of the M = 4 theory Q . The superalgebra flB,2|) can be 
specified as one of the superalgebras 

U(M\N), OSp(M\2N), OSp(2\2N), F(4), G(3), D(2\l;a), (B.7) 

where a is a continuous parameter. 



8 e Z A 






= -^D,Z%e A B 
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C. Derivation of the J\f = 5 Super Poincare Currents 

In this Appendix, we will construct the M = 5 super poincare currents by using the 
Noether method. According to our discussion in Section 2.1 , we expect that under the 
super poincare transformations ( |B.5| ), the variation of the N = 5 action (|B.1| ) takes the 
form 



6 £ S = J d'xi-j^e 1 , (C.l) 

where the set of parameters e 1 (I = 1, . . . , 5) are allowed to dependent on the spacetime 
coordinates . Let us begin by calculating the variations of the kinematic terms of matter 
fields. They are given by 

5 t (- l -D,Z A D»Z a A ) = -d^DpZfaZX) 



2 



+ie A B r B D 2 Z^ 

+ie A B ^J mA B D^r m a b Z b c (C.2) 



and 



-ie A B ^D 2 Z% + e A B ^J mB A F™ 

+ l ~{e A B 1 ^)T™ b D„{Zy c mB ) - ^(e A B r^)T m \D,(Z b B vtc) 
-(eA B T m a b 4> b c Mj mA B ), (C.3) 

where 7^ is defined by ( |A.6| ), and (6tp) A a is defined via the 5 e tp A = (dtpY^e 1 , i.e. 

1 2 

fX„l,\I a — r> 7 a rl B l ,ma , RC ryb ,,n -p/ D i r, ^ma , ,BD ryb ,,n jil C it~\ a \ 

\PW)A = -1 U H Z B l A -^ kmnT bLJ Z B^CD L A +^mnT feW Z C \1 DA Y B . [LA) 

The super poincare variation of the Chern-Simons term is given by 

SeCcs = ^ vX k mn d v (A™5eA n x ) 

+e A B r v k mn J mA B F; v . (C.5) 
Writing the Yukawa terms in (|B.1|) as 



Cy = -JmCJ A C ~ iJmCJ mC A, (C.6) 

then 

S e C Y = T™ b (e A B r B )(j£ C Tp h c ~ 

+ir2{eA B rJmC A )Z Ca D^Z b B - 2zT™ b (e A B ^J mA c )Z Ca D^Z b B 

i ^ _ \ , / n-mC B rya ryb , nDA Q rjm B C rya ryb ,,nDA 

+ -^{T m T n ) ab e AB {J Z c Z D \i -IJ Z c Z D /i 

I o rrmCD rya ry B b , ,11 A A rjmCD rya ry B b , n A\ I f~i r 7 \ 

+2J Z C Z fU, d — 4 J Z D Z fj, c ); {{->■<} 
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with 

( T m' 7 "n)afe = T mac T n fj = -^{Tm^^-n^ab bnu 1~ri\ab) = i.'^m^'n) [ab] lfiranp>gh- (C-8) 

Finally, the super variation of the potential reads 

x r 1 r< rrmCB nA pD 

Oei-pot — -^l^mnpeABJ H C 

OA 

-j(r m r n ) [ab] e AB J mCB (Z a D Z Ab ^ D c + Z Da Z b D p nA c ). (C.9) 

Dropping the total derivative terms, and adding everything together, we obtain 

5 e S = J d z x[i^ A ^{5^) A a d^ + i^Z terms) + {ip{DZ)Z 2 terms) + (^Z 5 terms)]. (CIO) 

Here we use "^ 3 Z terms" to represent all terms that are third order in ip and first order 
in Z, and u ipZ 5 terms" has a similar meaning. And we use "?p(DZ)Z 2 terms" to present 
all terms that are proportional to ip(DZ)Z 2 , with D the covariant derivative. 
We will prove that 

= Oj 3 Z terms) = {tp{DZ)Z 2 terms) = (ipZ 5 terms). (C.ll) 

Let us first prove that all the ip 3 Z terms cancel; they are given by (see the last line of (|C.3[ ) 
and the first line of ( ]C . 7] ) ) 



- (e A B T m \i, b c ){i, c a J mA B) + T2{eA B r B ){j£ C ^c ~ WcJ% A )- (C12) 
To prove that ( |C. 12| ) vanishes, we need the following two key identities 

^[AB^CD^EF] = 0, (C.13) 

e[a/?e 7 «5] = 0. (C.14) 



Using the USp(A) identity (|A.17| ), one can show that flC,13|) is equivalent to the well-known 
identity: 

e GA Bce GDEF = 3\5 [A 5X ] - (C15) 
Also, notice that ( |C.14 ) is equivalent to 

(^1^2)^3 + (^2^3)^1 + (^3^1)^2 = 0, (C.16) 

where ipi, ip2, and tp3 are arbitrary spinors. 

Multiplying both sides of flC.13j ) by the parameters e EF , one obtains the identity 

^[AB^CD] = 0. (C.17) 

Multiplying both sides of ( |CTT7| ) by T2ip Ba (ip Db J% A ), we have 



= -r2{eAB^ Ca )^ Bb J A c ~ i> h C j£ B ~ i> Bb JmC A ) 

+r2(e A B^ Ba )^ Ab JmC C + Tp b C J% A + Tp Cb j£c). (C18) 
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Using (|C.16| ), the last term of the first line of ( C.18| ) can be converted into: 

r2{e AB ^ Ca )^ Bb J mC A = -r2{e A B^ Bb )^ Ca JmC A ) ~ r^ b (e AB J mC A )^ Bb ^ Ca ) (C.19) 

Using the fundamental identity k mn rJ2 b T^ d = (see ( |B.6j )), the second term of the RHS of 
( C.19| ) can be decomposed into two terms: 

-T™ b (e AB J m c A )(^ Ca ) = -T2{e A B^ Ba )(V b J m c C + i> Cb J mC A ). (C20) 
Combining ( |Cl8D - (|C~20|) gives 

r^[(e AB ^ Ca )^ b c J AB - ^ Bb J^c) + (e AB ip Bb m a cJ% A + ^ Cb J^c)\ = 0. (C.21) 
Notice that the second term of ( |C.21[) has the two different expressions: 

- r2{e AB ^ Ca )^ Bb J A c) = r2[(eABJ AC )(^ b c ) + (e AB ^ Ca )^ b c J AB )] (C.22) 

= -r2{{eABJ AC )^ Ba ^ b c) ~ {e A B^ Ba WcJ AC )\. 

We have used ( [B.6D and ( p. 16 ) to derive the first line and the second line, respectively. 
Taking the average of the two lines of (C.22) gives 

-r2{e A B^ Ca )^ Bb J A c) = \r2[(eAB^ Ca )^ b c J AB ) + {e AB ^ Ba )(^ c J AC )\. (C.23) 
Plugging ( |CT23|) into ( |02l| ), one obtains 



T™ b [(e AB ip Bb W a cJ% A + Tp Ub Xc) + (eAB^WcJ^)] = 0. 



,a rrCA 



i,Cb a- A 



Ca\(jh tAB\ 



(C.24) 



Notice that the left hand side is proportional to (|C.12| ), so ( C.12| ) does vanish, i.e. all ip 3 Z 
terms cancel. 

Let us now try to prove that the ip(DZ)Z 2 terms cancel; they are given by the last 
line of ( p.2|) , the fourth line of (P-3| ), and the second line of ( p.7|) : 

I i r B., rrmA r-> a ryb 

i 2? 

+-{e A B 1 ^ A )r m \D,{Z b c ^ mB ) - -(e A B 7 ^)T™ b D„(Z B nic) 
+ir2(e A B rJmC A )Z Ca D^Z b B - 2ir^ b (e A B ^J mA c)Z Ca D^Z b B . 
Using the fundamental identity k mn T^ b T^. d = 0, (|C.25[) can be recast as 



(C.25) 



2i 



3 [u [CD e ABV »J AB )T2(D»Z^)Z»\ 

which vanishes on account of the identity (p.!7[) . 

Finally, we need to take care of the ipZ 5 terms; they are given by (C.9) and the last 
two lines of flC~7[ ): (We denote them as 0(Z 5 ).) 

0(Z 5 ) 

- 1 n c rrmCB ,,nA ,,pD 



7 Ca\ ryDb 



(C.26) 



10 



3/ 



/_ _ \ , rrmL-Blrya ry A b,riL> i ryUaryb ,,nA \ 

— [r m T n )^e AB J [Z D Z fi c + Z Z D fi c ) 



i 1 

i Mr ^ \ r 1 1^ I TmCB rya ryb ,,nuj\ o srmoi^ rya ryo ,, 

+ ^[K T rnTn)[ab} + 2^rnnpT ab \e AB {J Z C Z D [L - 2J ZqZ d H 



-2J 



mCB f^a t^h ^riDA r^j-mBC ^b ,,nDA 

mCD rya ryBb , ,n A a /jraCD rya ryBb , n A~* 



> rya ryBb , ,71 A A rjmC D rya ryBb , ,71 A\ 

Z C Z fl D - 4 J Z D Z [1 C )■ 



(C.27) 
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Notice that some terms are proportional to (r m r n )r a w, while the rest are proportional to 
CmnpTa b . However, using the identity 11 

CmnpTcdJab = ( T mT n ) [ca] T bd + ( T m r n) [da] T cb + ( T m T n) [db] T ac + ( T m r n) [cb] T 2di (C.28) 

we are able to recast ( p. 27 ) so that every term is proportional to (T m r n )r a y: 



(e AB J mCB )(r m r n ) [ab] (6Z^Z Dl , nlJA + AZ D Z Ub ^ nA c + 5Z Aa Z DfJ , nJJ c 



7(1 ryb ,.nDA 



a ryDb.nA 



7Aa ryb , ,nD 



0(Z 5 ) 
2i 
15 

i * ( r srmBC \ I _ „_ \ / 97a ^76 , nDA , /7a ryDb , nA ryAaryb ,.nD \ 

+-^{£AbJ ){T m T n )[ ab j{-6Z Z D ll +Z D Z fj, c-Z Z D n c) 



+-(e AB J mCD )(r m r n ) [ab] (Z Aa Z° c ^ D - 5Z Aa Z D ^ c - Z Aa Z*^ n CD ). (C.29) 



rAa 17b , ,nB 



Aa ryb ,.nB 



zAa ryBb , n 



We now have to prove that ( |C.29[) vanishes. To simplify the task, let us introduce some 
shorthands 



x 2 
x 3 

Y X 
Y 2 
Y 3 
Yi 
Y 5 
Y 6 
Y 7 



( r rrmCB\( _ _ \ rya ryb ,nDA 

\£ABJ ){TmT n }[ab\ZcZ Dr L , 

- ifiAB J mCB ) (r m T n ) [ ab ] Z D Z Db [i nA c, 

rrmCB\( _ _ \ ryAaryb , ,nD 

CAB J )\JmT n )[ab]Z Z D fl C , 

rrinC\lr r \ 7f ryBb, nDA 
tABJc )\. r mTn)[ab] Z D Z r 1 1 

rrmBC\l _ „_ \ ryAaryb , ,nD 

ZABJ ){ T mTn)[ab]Z Z D fi C , 

rjmBC\t^ _ \ rya ryDb,,nA 
ZABJ ){TmT n ){ab]^D Z r 1 C, 

rrmBC\i^ _ \ 7a /7b , ,nDA 
CABc/ J(T m T Tl/ )[ afe ]Z c Z z) /J , 

cab J mCD ) (r m r n ) [ a6 ] Z Ba Z D fj nA c, 



CABJ ){T m Tn)[ab]Z Z ^ CD 



Aa ryBb , ,n 



€ABJ )\JmT n )[ab]Z ^Cr 1 D 



Aa ryb ,.nB 



(C.30) 



In terms of the shorthands, ( |C.29] ) reads 

0(Z 5 ) = ^(3Xl - 4X 2 + 5X 3 ) + U-6Y A + Y 3 - Y 2 ) + % -{Y 7 + 5Y 5 - F 6 ). (C.31) 
15 6 6 



To prove that (|C31 ) vanishes, we need to establish some connections between the quantities 
defined in ( |C.30 ). Taking account of the identity ( C.13 ) and ( C.17|) , we have 

= ^[BE UJ CF^DG]( e A E ' J mCB )(T m T n )[ ab ]Z Fa Z Gl 'fj, nDA ', (C.32) 

= (uj[ CD e AB ]J mDB )(T m T n )[ ab ]Z Ca Z E fj, nEA , (C.33) 
= (u> [CD e AB] J mCE )(r m T n ) [ab] Z Aa Z Bb ^ D E , (C.34) 
11 This identity can be proved as follows: 

rn p r I n 

mnpTcd^ab — L' m 3 ^~n\ab'T~cd 

_ en en 

— 'mae'ri b^~cd >riae'm b^~cd 

— ij~m,Tri) acTbd (^~m^~n) ad^~cb H" {j~n^~m^} db^~ac (^~n"?~m) cb^~ad- 

In the third line, we have used the fundamental identity ^mn T Ub T 6)d = ^- Substituting (r m r n ) 6 = 
(TmTn)[ a &] + \CmnpT^ h (see (0.5 )) into the last line, and simplifying the expression, one obtains the identity 
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which can be simplified to give 



= {2X 1 - X 2 ) + (-2Yi - Y 3 - 2Y 4 + 2Y 5 + 2Y 7 ), (C.35) 

= (X 1 -X 3 ) + (-Y 1 + Y 2 -Y 4 ), (C.36) 

= 2Y 2 + Y 3 + Y 6 - 2Y 7 , (C.37) 

respectively. On the other hand, using ( |B.6| ), ( |C,8 ), and ( P-28 ), we are able to decompose 
Y\ as follows 

2Y 1 = Y 2 - 3Y 3 + 3Y 4 - 3Y 5 + 3Y 6 + Y 7 . (C.38) 
Combining ( |C.35P , ( |C.36[ ), and ( |C.31| ), one obtains 

0(Z 5 ) = 4(6>1 + 5Y 2 + 13Y 3 - 9Y 4 + 9Y 5 - 5Y 6 - 11Y 7 ). (C.39) 
15 



Plugging ( C.38 ) into the above equation gives 

O(Z 5 ) = ^(2Y 2 + Y 3 + Y 6 -2Y 7 ) = 0, (C.40) 
15 

which is nothing but the identity (|C,37 ), This completes the proof that all ipZ 5 terms 
cancel. 

In summary, we have 

5 € S = j d^xii^rm^d^e 1 ). (C.41) 
Hence the M = 5 super poincare currents are given by 

i; = -*\(^. (C42) 
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